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CHAPTER 1 
THE PROBLEM AND ITS SCOPE 
THE PROBLEM 
This study endeavors to determine the fundamental con­
cepts and "basic principles involved in the teaching of 
junior high school algebra as revealed by a survey of re­
cent investigations. 
NEED FOR THE STUDY 
In the interest of better teaching much literature on 
the teaching of junior high school algebra has been written. 
It is quite essential that the progressive teacher pause 
from time to time and attempt to summarize, systematize, 
and analyze this material for the purpose of effecting a 
closer integration of the suggestions and recommendations 
formulated and proposed. Such proposals may then become the 
foundation for improved teaching as well as the basis for 
future experimentation and investigation. 
DELIMITATIONS 
This study was not undertaken to give an exhaustive 
coverage of algebra as such. Only the aspects of algebra 
generally found in the seventh, eighth, and ninth grade 
courses of study were investigated. Further, it was limited 
to an analysis of the several selected phases of junior high 
school algebra that is generally believed to constitute 
the areas of greater difficulty. 
This study was limited to an analysis and treatment of 
I' 
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of the teaching of algebra since 1923. From this yesr (1923) 
to the present time, there has existed a unique effort on 
the part of educators to reorganize the content and pedagogy 
of mathematics that they might conform with the suggestions 
of the Committee on the Reorganization of Secondary Mathe­
matics (1923) . It seems that a study of the teaching of 
junior high school algebra during this period should be suf­
ficient to justify any conclusions reached and recommendations 
made in this thesis. This is especially true when one realizes 
that the idea of the junior high school did not become a pro­
minent one until the first decade of the present century. 
METHOD OF SOLUTION 
A survey of recent Investigations by outstanding teachers 
and other authorities in the teaching of junior high school 
algebra was made. In addition, a study was made of the topics 
in current texts and the methods of approach were noted. The 
attempt to formulate fundamental principles from these investi­
gations form the basis for this thesis. 
DEFINITIONS 
The Junior High School as used in this study means the 
grades seven, eight, and nine in the educational system that 
uses the six-three-three-plan. 
Junior High School Algebra as used in this thesis refers 
to that algebra that is taught in the ninth grade of the 
junior high school. 
Meaningful Teaching as used in this thesis is the pre-
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sentation of concepts in such way that the pupil will 
best be able to comprehend the sense which the algebraic 
relations are intended to express. 
Definition as used in mathematical usage is simply 
an agreement to regard one expression, symbol, or set of 
symbols as being equivalent to another expression. It is 
in this sense that definition is used in this study. 
Literature as used in this study refers to any kind 
of printed material. 
CHAPTER 2 
OBJECTIVES, COURSE CONTENT AND TRENDS 
OBJECTIVES 
Any treatment of the teaching of a phase of mathematics 
on the basis of a precise 
and comprehensive formulation of the valid aims and purposes 
must be approached, first of all 
of the subject. Only on such a basis can one approach in­
telligently the problems relating to the selection and or­
ganization of material, the methods of teaching and the point 
of view which should govern the instruction. This study re­
vealed several classifications of aims. Those expressed in 
terms of mathematics in general, those expressed in terms of 
secondary algebra, and those more specifically expressed in 
terms of junior high school algebra. It seems apparent that 
the objectives must be so definitely stated that they are 
clear not only to the teacher but also to the pupil. The 
learning products must be known. An analysis of the da.ta re­
veals the objectives of junior high school algebra ap­
proximates those itemized by Kinney and Purdy. 
Kinney and Purdy state: 
The objectives set up within the province of algebra 
must be to provide pupils with concepts and methods for using, 
information about, and appreciation of 
1. Symbolism and generalizations 
2. More inclusive number systems and their manipulation 
3. Functional relations, including formulas and other 
equations, graphs, tables, variation, proportion, 
4 
laws of relation, and the function concept 
4. Use of literal numbers and algebraic equations 
to formulate and solve problems 
5. The place of algebra in the lives of mankind, 
past and present 
Insofar as algebra has a unique contribution for the pupil 
2 Kinney and Purdy further describe the objectives desired 
in such terms as the following: 
1. Symbolism 
the pupil 
(1) Gan explain the meaning of the statement, 
"Words are actually symbols " 
(2) Can explain the statement, 
made symbols." 
(3) Can use, 
symbols f 
parentheses. 
(4) Can use, interpret, explain literal numbers 
as symbols. 
(5) Can translate problem situations into ap­
propriate symbols. 
r< Numbers are man-
, read, and interpret the 
, exponents, radicals, and 
recognize 




(1) Understands the meaning of dependence between 
quantities. 
(2) Can recognize and express dependencies. 
(3) Knows the different ways that dependencies can 
be represented. 
b. Formulas, equations, variation 
The pupil 
(1) Knows the purpose for representing relations as 
formulas. 
(2) Can formulate a formula from a set of data or ob­
served relations. 
(3) Can evaluate a formula. 
(4) Can solve a formula for different variables. 
(5) Can select and use a formula to solve applied 
problems. 
1 Kinney, Luc ion B., and Purdy, C. Richard, Teaching; Ma the-
in The Secondary School. New York City, Rhinehart and 
Co., Inc., pages 59-68 
2 Loc. Cit. 
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(6) Can use the language of formulas, equations, and 
variation. 
(7) Can represent variations in formulas and can 
evaluate the formulas. 
(o) Can solve linear equations in terms of their 
- graphs. 
(9) Can interpret solutions of linear equations in 
terms of their graphs. 




(1) Can interpret bar, line, and circle charts, and 
graphs of equations. 
(2) Understands the connection between number pairs 
satisfying equations and coordinates of points in 
planes. 
(3) Can locate points on Cartesian coordinate systems 
(4) Can plot a graph of a linear equation and simple 
second-degree equations. 
(5) Can write a linear equation from a straight-line 
graph. 
111. Familiarity with and ability to use mathematics in 
literature 
a. Reference sources 
The pupil 
(1) Knows where to locate needed fact's: 
(a) Tables, (b) formulas,(c) historic facts, 
(d) explanations, (e) social and economic data. 
(2) Knows how to use the data he secures. 
b. Current publications 
The pupil 
(1) Has read current publications involving algebraic 
data and relations. 
(2) Can use learnings from this course in reading 
current literature with understanding. 
c. Work in other courses 
The pupil 
(l) Can understand the mathematics he encounters in 
reading for other courses. 
IV. Desirable attitudes toward algebra 
a. Interest 
The pupil 
(1) Asks pertinent questions. 
(2) Pays attention and resists distraction. 
(3) Volunteers information. 
(4) Reads other sources outside class. 
(5) Brings in material from outside. 




(l) Works mathematics avocationally-puzzles, odities, 
6 
problems. 
Reads mathematical sources for pleasure. 
Can defend the importance of mathematics in 
history and in current life. 
Understands algebra as an integrated science. 
Can fit topics into the structure of algebra. 





The content of most junior high school courses follows 
rather closely the recommendations of the National Committee 
on Mathematical Requirements1, and outlined in detail in the 
Fifteenth Yearbook. 
2 
The typical current algebra courses 
center around units such as the following: 
1. Use of literal numbers 
2. The solution of simple equations and formulas 
3. Meaning and use of directed numbers 
4. Fundamental operations with algebraic quantities 
5. Linear equations in one unknown 
6. Linear equations in two unknowns 
7. Special products and factors 
8. Fundamental operations with fractions 
9. Fractional equations 
10. Graphs and the concept of dependence 
11. Ratio, proportion, variation 
12. Numerical trigonomety, indirect measurement 
13. Powers, roots, radicals 
14. Quadratic equations 
National Committee on Mathematical Requirements, The Re­
organization of Mathematics in Secondary Education. 
(Boston Houghton Miffin Co., 1923), page 11 
National Council of Teachers of Mathematics, Fifteenth 




Although the content of junior high school algebra 
generally is rather well standardized, certain trends were 
detected in the literature, largely as changes in emphasis, 
placement and methods of teaching. The course content in be­
ginning algebra has been changed in several ways during re­
cent years. 
1. The major part is still strictly algebra, but the 
material has been simplified and more thoroughly ex­
plained for the student. 
2. The course contains more practical applications in 
which algebra is used effectively in elementary 
science, geometry, and numerical trigonometry. 
3. Many difficult topics have been replaced by simplier 
ones, and others have been either deleted entirely, 
postponed to later courses, or made optional. This 
material includes most linear equations with 
fractional and decimal coefficients, the more involv­
ed literal equations, quadratic equations with ir­
rational roots, the more complicated equations in­
volving radicals, the construction of formulas from 
sets of data, the more involved factoring, simplifi­
cation of more involved radicals and graphing of 
qua dratic func tions. 
4. An additional trend in instructional material is 
that recently a better psychological approach is 
made by giving more explanatory material and many 
more examples illustrating the theory presented. 
Among the changes in methods of presentation of be­
ginners algebra are the following: 
1. A definite trend toward leading pupils into new topics 
through their own experiences. 
2. The ambition to make algebra more significant through 
emphasis on concepts has led to stressing the function 
coneept. 
3. By elimination of unduly complicated technical pro-
8 
cesses time has been gained for greater stress on 
understanding, on mastery of essentials and on signi­
ficant applications. 
4. Teaching algebra for transfer recently has become 
one of the principal trends. 
5. Visualization is being used as a primary aid to learn­
ing. Whenever a figure can be drawn to illustrate the 
algebraic concepts under consideration, it aids im­
mensely in formulating and analyzing the problem pre­
sented for discussion. 
ASPECTS WHICH PRESENT MAJOR INSTRUCTIONAL PROBLEMS 
Even with the many readjustments in course content and 
emphasis, several areas of difficulty remain in the learning 
of junior high school algebra. These areas of difficulty are, 
for the most part, located in these areas; beginning the 
study of algebra; problem solving; solution of equations; 
signed numbers; the processes of algebra; and graphing. 
A process detected in analysis of data that is consist-
enly used to diminish difficulties in these areas is the mean­
ing theory of instruction. This concept is characterized by 
the following assumptions; 
1. The concepts and processes should arise from concrete 
and familiar situations in the pupil's life. 
2. There should be development from the concrete to the 
increasingly abstract and symbolic. 
3. The pupil should understand the reason for the pro­
cess and be able to reconstruct it if necessary. 
9 
4. Initially correct and rapid computations are not 
expected. Emphasis should be on exploration and dis­
covery, in which immature responses are character­
istic . 
5. When a rule is developed, it should be, in so far as 
is possible, the pupil's own generalization of the 
way he solves the problem. 
6. The relationship between processes is emphasized in 
the explorations and generalizations. 
7. Drill is used only when understanding is complete at 
the abstract level. 
8. The number system is used as the reference for under­
standing all process and concepts. 
CHAPTER 3 
BEGINNING THE STUDY OF ALGEBRA 
The introductory period of junior high school algebra 
is a crucial period for developing not only basic skills 
and knowledge but also important interests and attitudes. 
Many students enter an algebra class for the first time with 
certain psychological blocks that might tend to interfere with 
the learning process. They have many fears due partly to fail­
ures in arithmetic and perhaps from comments made by former 
students who found the course difficult. When a student enters 
an algebra course with ability but handicapped by old fears 
and inhibitions, the teacher must, in the beginning, attempt 
to free him from these obstacles. This reo_uires studying his 
situation carefully, discovering the causes, helping him over-
and then giving him opportunity for real and satis­
fying achievement in this subject. 
Another problem often encountered in beginning the course 
is what to do about those students whose intelligence makes it 
come them 
impossible for them to understand the basic concepts a.nd prin 
ciples of algebra. Since algebra is abstract in nature: in-
it is necessary, ac-order to grasp the fundamental concepts 
cording to some authorities, for an individual to have an 
Intelligence Quotient of 110. 
1 National Council of Teachers of Mathematics, The Teaching 
of Algebra", (Seventh Yearbook,) Teachers College, 
Columbia University, New York, 1932, page, 2. 
11 
It is believed by some authorities that when a pupil is 
lacking in ability to 'understand the concepts of algebra he 
should be released from the requirement. Other authorities 
believe that everyone should study the same mathematics 
courses throughout the elementary and junior high schools. 
The problem lies in the fact that it is difficult to select 
an individual or a. group of individuals who has the right to 
state who should or should not take the algebra course. The 
problems discussed are significant. The National Council of 
Teachers of Mathematics made an extensive study and recommend­
ed the "Two-Track" system. This system gives a student a 
choice of the traditional algebra course or a general mathe­
matics course during the ninth grade of junior high school. 
This will enable students to pursue those courses that they 
feel they are better capable of learning. The disadvantage 
here lies in the fact that students with ability might choose 
general mathematics. and the mathematics profession might be 
at a loss. Experimentation and investigations are still being 
made along these lines. 
The methods and processes that the pupil is to acquire in 
algebra must be built on, and integrated with, his previous ex­
periences in arithmetic. While the idea of general number is 
being acquired, a beginning must be made in vocabulary build­
ing, in learning the symbolism, and in using the processes. At 
the same time the student must develop an appreciation of the 
importance of algebra to himself and to society. 
Authorities recommend several methods of beginning the 
12 
ninth grade algebra course. Algebra may be introduced di­
rectly, with topics that use formulas, or it may be introduc­
ed indirectly as a shorthand used to record verbal statements, 
as an extension of arithmetic or as a device for solving pro­
blems real to the pupils. Any one of these approaches may be 
used successfully if care is taken to secure a broad concept 
of literal number and other symbols and principles to be en­
countered for the first time by the pupil. The data seems to 
indicate that it is best for the individual teacher to ex­
periment with the several approaches to determine which one or 
which combination can be used effectively in his situation. 
Algebra as G-eneralizatlon of Arithmetic 
Algebra is a generalization of arithmetic, and this is 
its principle characteristic. In teaching the principles of 
algebra one may frequently return to the corresponding 
situations in arithmetic and develop from the fundamental con­
cepts involved the particular algebraic generalization. As an 
illustration the teacher may start algebra from some general­
izations of arithmetic concepts. Give the students a few 
elementary problems from arithmetic and then show them how to 
express the same principles or concepts in algebraic shorthand 
where letters represent the specific numbers and change the 
situation from a case involving specific numbers to the same 
concept involving general numbers. As illustrations study the 
situations below. 
3 -p 4 7 Specific 
Addend plus addend =r Sum 
13 
a •+ b s c, general, where a and b are any numbers and 
c is the sum. 
5-3= 2 Specific 
Minuend minus subtrahend — difference 
m-s-d, general where m is minuend, s the subtrahend 
and d the difference. 
3x4 = 12 Specific 
Factor x factor — product 
ab c, general where a and b are any number and c is 
the resulting product. 
12 -s 4 Specific 
3 
Dividend v divisor — quotient 
a •=: c general, where a is dividend, b the divisor 
b 
and c the resulting quotient. 
Then give the class a problem finding area of a specific 
rectangle. 
Find the area of a rectangle whose length is 5 and 
whose width is 3. Solution for Specific rectangle. 
5x3 =• 15, where 5, 3 and 15 respectively the specific 
length, width, and area of the specific rectangle. 
LW — A, general case where L, W, A, are respectively 
the length, width and area of any rectangle. 
Many examples of this nature should be given until the 
student has understood the concept of algebra as being 
generalized arithmetic. The class should be required to think 
of and record as many such illustrations as they can. 
The concept of coefficients and exponents may be ex­
plained. 
14 
2 2 2 
length of line equals 2+2+2 or t 
3X2 In arithmetic. 
The parallel case with general symbols would be as 
follows: 
m m m 
m+m+m - 3m. 
Many errors in algebra are caused by a lack of under­
standing of the concept "exponent." The meaning of exponent 
should therefore be derived with great care. This may be done 
by means of concrete situations taken from geometry as follows: 
The pupils find that the area of a square drawn on a squared 
paper is obtained, by multiplying the length of a side by it­
self. Algebraically stated the area Is a*a. The product a-a 
is called "a square," the name being derived from the square 
whose surface has been measured. Briefly a-square is written 
2 
a . The number 2 is called exponent and indicates two equal 
factors of a product. 
From a drawing or model of a cube he finds next that the 
4 is a*a*a*a is called a-fourth, written a . The num-volume 
2 3 4 bers 2, 3, 4, in a , a , a are called exponents. 
dicate the number of equal factors in products. Although the 
They in-
meaning of exponent has been established for whole numbers no 
complete definition has been formulated. The child can formulate 
the definition in his own words. 
CHAPTER 4 
SIGNED NUMBERS 
The study points out that the teaching of signed num­
bers is one of the most difficult topics to develop success­
fully, the teachers and writers are not altogether agreed up­
on the most satisfactory methods of teaching it. But, usually 
developing the concept of what is meant by negative numbers 
and showing where they are useful in the pupil1s environment 
are the first steps in treating signed numbers. Experience 
with situations that may be expressed by positive and negative 
numbers is provided in class discussion: above and below sea 
level; assets and liabilities; gain and loss; forces up and 
down; longitude east and longitude west; years hence and years 
ago; B C. and A. D.; temperature above and below zero; and the 
like. These are usually introduced on a number of successive 
days. This phase is usually continued until each pupil has 
grasped the concept involved. 
Once the ides, of opposlteness in direction is clear from 
(it is us-these illustrations, the number scale is utilized, 
ually beneficial if a large number scale made of lumber paint­
ed white with black numerals can be constructed and used.) At 
this stage a new meaning of zero as a point of reference in 
the number system is usually introduced. Emphasis should be 
given the new meaning of zero here. The important fact to 
make clear is that zero, together with its other uses, will be 
used to represent a particular point on the number line, and 
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and. a particular element in the system of positive and nega­
tive numbers. Success in teaching the operations with signed 
numbers is, to a large extent, dependent upon whether the 
background of meaning is carefully developed. 
It is usually pertinent at this stage to explain the 
meaning and nature of directed numbers. This can be done by 
reminding students of the dual role of numbers in arithmetic 
first. In arithmetic a number usually means a quantity, yet 
there is both the ordinal and cardinal meaning of numbers. 
For. instance if one counts 6 objects, he points to them one 
at a time and repeats a number. 
* •5S- * 
1 2 3 4 5 6 
Actually, the last object is not 6 but the 6th object. To re­
present the numbers one should have the following: 
* -:<• -;{• 
1st 2nd 3rd 4th 5th 6th ORDINAL 
•SHH:- -:HKH:- •SBBBHS-
4 6 CARDINAL 1 2 3 
In the next step it is necessary to emphasize the fact 
that in algebra numbers are used also for a dual purpose but 
more often in the ordinal sense as a position on a scale than 
as a quantity. The number, plus 6 hours may mean both the quan­
tity (or interval 6 hours of time) and also a point on the scale 
of time which is 6 hours hence, like 6 hours and 6 0 
er in their meaning. Similarly, 6 degrees may mean a point 
on the thermometer 6 above zero, then 6 degrees below zero. 
clock diff-
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These signed numbers may Indicate distance and direction to 
left or right, north or south. In order for a student to un­
derstand the operations with signed numbers it is important 
that he realizes that all numbers can be represented as a 
point on a straight line. The teacher should explain these 
numbers using a number scale drawn on the board. 
Since one of the distinguishing characteristics of arith­
metic and algebra is the number system, it seems that it is 
imperative that a comparison be made of the two number sys­
tems for the beginning student of algebra. 
Arithmetic number Scale (positive numbers and zero) 
012345668 
Algebra Number Scale (Positive, Negative Numbers and, Zero) 
-6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 
The arithmetical numbers measure quantity; the directed num­
bers measure position, or the amount of change in a given di­
rection. The quantity of the thing to which the numbers of 
arithmetic apply begins with zero. This is not true with di­
rected numbers, which apply to things whose beginning is in­
definite. Again, in arithmetic a zero measure indicates not 
any, with directed numbers a zero measures always indicates 
some and never not any• In the directed number scale, zero 
measures more than -1, and a definite amount more: zero like-
18 
wise measures less than 2, and a definite amount less. 
Any given quantity can be diminished by any given amount 
on the directed number scale. This is> not so on the arith­
metic scale for a number may not be diminished by a greater 






It is apparent from above scale that any attempt to sub­
tract a number greater than eight from eight would be mean­
ingless . 8 
- ilQl 
1234567 ,8 
(Subtraction of 10 from 8 is impossible on the arithmeti­
cal number scale, because the difference would have to be 
less than zero, which is not on the scale.) 
On the signed number scale this same example would give -2 
8 as the difference as below. 
" 110} 
2 
-3 -2 -1 0 1 2 3 4 5 6 7 8 
-(j°) 
(Subtraction still in the domain of numbers) 
It should be pointed out to the students here that all 
operations are possible with the new number system. It is 
is • because of our definition for subtraction that this 
possible. This definition, known as the additive method, 
19 
asks what one must add to subtrahend to get minuend. 





What must one add to 14 to get 10? one must add -4 to 
14 to get 10. 
Addition and Subtraction 
The concept of addition as combining is easily grasp­
ed by the students. The idea of addition is easily il­
lustrated with real problems. As an example, a football 
team that gains 6 yards from the 30 yard line and then 
looses 4 yards may be taken as illustrative of adding posi­
tive and negative values. 
Subtraction of signed numbers is a, more difficult 
concept to grasp. Subtraction in algebra is defined as the 
process of finding what number must be added to the subtra­
hend to produce the minuend. An interpretation of this de­
finition of algebraic subtraction on the signed number scale 
is as the distance and direction between two positions on 
the scale. 
Several approaches were found that are useful in help­
ing the pupil to understand subtraction of signed numbers. 
Illustrations include finding the difference between two 
thermometer readings, when the thermometer rises and when it 
20 
falls; finding the difference in time between two events; 
and finding the distance between the positions of an 
elevator. The following illustrative problem shows the 
use of one of these devices. Similar ones can easily be 
thought of for the others. 
Problem: Finding the difference between two thermometer 
readings. 
Questions like these may be asked and the solutions found 
on a thermometer drawn on the board. 
How far is it from + 5 to t 20? 
How far is it fromt20 to + 5? 
How far is it from -20 to + 5? 
How far is it from f5 to -20? 
These questions reveal the following solutions: 
+ 20 - (+*5) - + 15, since direction is positive. 
+-5 - (+"20)~ -10, since direction is negative. 
+ 5 - (-20)^+25, since direction positive. 
( +- 5)- -25, since direction negative. 
Similar questions may be asked illustrating all the possible 
combinations of signs and the answers become apparent to the 
pupil if a black board thermometer is used. As many different 
type items as possible should be used until the child has 
the basic concept. Then the semi-abstract number scale should 
be used until the student is able to formulate some rule for 
subtraction of signed numbers. Then let him use the rule for­
mulated until the desired results become habitual. 
A similar process should be used for both addition and 
-20 
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subtraction. The rule that the child is to use should grow 
out of his understanding of the basic concepts. 
Multiplication and Division 
A number of procedures were found that provide a con­
crete basis for the products of signed numbers. One il­
lustration is in terms of automobile and the time element. 
If an automobile is traveling north (+) at 60 mph, then 3 
hours after passing a town it will be 180 miles north 
(-f~ 180) from the town. However, 3 hours before reaching 
the town (-3 hours) its distance was 180 miles south or 
-180. Then, keeping the direction north as 
positive and south as negative, if the automobile is going 
south (speed-60 mph) the products (3)(-60) and (-3)(-60) 
can be explained. 
Many similar situations illustrating the multiplication 
should be thought of and used similarly and then the dis­
cussion should lead to the use of the number scale. 
Multiplication can be defined as repeated addition. Directions 
are provided by the signs. For example, (•/• 2) (-4) consist of 
laying (-4) off three times in its own direction. These 




- V- •t-ff —-> 
8 -8 0 
The product (-2)(-4) consists of laying (-4) off two times 
in the opposite direction as: 
22 
< (-*) -(-¥•) >• 
8 0 
A series of these type examples should be given until the 
students have formulated a rule which will then be used until 
their responses in multiplication are rapid and accurate. 
Division involving signed numbers is most easily de­
veloped from the definition of division as the inverse of 
multiplication. 
Thus, since (-3) ( i1-4) := -12, then -12—+ 4 and -12 
4 
From the data it seemed th°t concrete illustrations are 
-3. 
-3 
not usually used or necessary in division if multipli­
cation is understood. 
CHAPTER 5 
TEACHING THE SOLUTION OF EQUATIONS 
Methods for beginning the study of equations differ 
according to the approach used in starting the course. 
There are two commonly used approaches to the introduc­
tion of equations. 
1. As a Natural Extension of Arithmetic. Problems 
like "2 times some number 10", or "What number 
added to six gives eleven?" Can be used success­
fully because they are understood by nearly all 
students in a beginning algebra class. The only 
things new in 2x ̂  10 and 6+x=ll 
used to represent the unknown quantity. For 
both equations the solution is found intuitive­
ly by analysis and taking the equation apart. 
2. As a necessity in Solving Problems. Using pro­
blem solving for starting the study of equa­
tions consists in taking familiar problems from 
the environment, setting up equations. As an 
illustration one might start with a problem 
such as "Henry has three times as much money as 
Bill. Together they have $12.40. How much has 
each? This leads to the equation 4x - $12.40. 
This equation is then solved intuitively. Then 
are the symbols 
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many other simple problems are given. 
After a number of such equations are set up and solv­
ed intuitively, the shift is made to an Intensive study of 
equations. As the study progresses, for each equation re­
quiring a different method of solution a problem involv­
ing the particular type of equation can be introduced. Sets 
of word problems are interspersed with the study of equat­
ions to prevent the manipulation from becoming mechanical. 
Learning to Solve Equations. The survey revealed two 
generally accepted approaches in learning to solve equations. 
1. The mechanics of the solution of equations should 
emphasize at first the use of inverse processes-
where by addition is undone by subtraction, multipli­
cation by division, subtraction by addition, and 
division by multiplication. The use of inverse pro­
cesses has the advantage of revealing the relation­
ship of algebraic and arithmetic processes. Only 
after the pupil has had experience in solving 
equations by inverse processes, is he ready for the 
general idea that the operation which is performed 
on one side of the equation must also be perform­
ed on the other side. This he will understand if he 
considers the equations as a balance. Sets of 
blocks can be used on a balance scale to demon­
strate the principle. 
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2. Another effective procedure for developing in­
sight into the solution of equations is the use 
of the idea of surpluses and shortages. The left 
member of an equation 3x + 4 =. 25, can be consid­
ered as a surplus of 4 beyond 3x. Thus, to obtain 
3x, remove the excess of 4 by subtracting. Similar­
ly, the left member of 4x-2 — 22 can be consider­
ed to represent 4x with a shortage of 2. To ob­
tain 4x the shortage must be made up by adding 2. 
In like manner 4x is considered four times as 
much as x that is desired. Likewise x would be one 
5 
fifth of the x that is desired. These ideas sug­
gest taking one fourth of the 4x, and five times 
the x. This approach with the idea that the same 
5 
process must be performed on both members of an 
equation, often help to rationalize the procedures 
of solution. 
After the pupil has mastered equations that can be 
solved in one step, the transition to equations that are 
solved in two or more steps usually causes little trouble. 
The pupil should be guided into the development of a sys­
tematic plan of attack as he practices solving problems of 
two or more steps. The working set of rules he uses should 
be those that he formulates (himself) if possible. 
Whether or not transposing should be taught as such is 
still controversial. There are arguments for and against it. 
Those in favor of the idea claim that increased speed re-
2 b 
suits from its use, against the idea is the vocabulary that 
does not stem from or suggest the actual processes performed. 
However, a plan that has worked well in.many instances is to 
let the pupils discover, and explain the process as a short­
cut to working through the axioms. 
Quadratic Equations.. yuauratic equations are best introduced 
by a problem situation that demands a quadratic for a solut­
ion. Which of the several ways of solution that should de­
finitely be taught in t're nineth grade was not clearly in­
dicated in the data. Some authorities advocate teaching solut­
ion by factoring, others advocate factoring, completing the 
square, and the quadratic formula. Thorndike is of the 
opinion that only the solution by the formula should be 
taught since there is no necessity for forming several diff­
erent habits to accomplish something that one habit would do 
1 
equally as well. 
1 Thorndike, Edward L., The Psychology of Algebra. The Mac 
millan Company, New York, 1923, page 173 
CHAPTER 6 
SPECIAL PRODUCTS AND FACTORING 
From the data gathered in this survey, it seems 
that the amount of time and effort generally spent in the 
study of special products and factoring in the nineth 
grade is in excess of that which can be justified. The 
argument to support this statement is that special pro­
ducts and factorizations are short cuts of too limited ap­
plicability for an intensive study in this phase of work. 
The subject is seldom needed except in connection, with 
abstract problems so made as to require it. The uses of 
factoring are mainly confined to work with fractions and to 
the solution of certain equations, while the uses of special 
products are mainly in the direction of facilitating factor­
ing. The present tendency seems to be to teach a little of 
it but to teach it more thoroughly. 
The work in factoring is usually confined to express­
ions involving a common factor, the difference of two squares, 
the square of a binomial, or the quadratic trinomial of the 
2 
form x f bxf-c. Consequently the work in special products 
need include only the product of a monomial by a binomial, the 
tne product of the sum and difference of two terms, the sauare 
of the sum or of the difference of two terms and the product 
of two binomials fo the form (x t a)(x*b). The principle 
task for the pupils in connection with either writing special 
products or in factoring expressions is to "recognize" each 
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problem as being a special case of one or another of the 
types which have been learned, to "identify" it with the 
type to which it belongs, and to make the appropriate sub­
stitutions of corresponding terms. 
Instruction in this unit is usually started as an ex­
tension of the arithmetical concepts that the student al­
ready understands. The approach is similar to what follows: 
In arithmetic one memorizes the multiplication tables 
as an aid in multiplication, and division. Thus, one memo­
rizes 5x7=35. In this relationship 5 and 7 are called fact­
ors of 35, and 35 is the product of 5 and 7. Similarly 2 
and 3 are factors of 6 because 2 • 3=6; and 4 and 6 are 
factors of 24 because 4*6 = 24. In algebra one also finds 
it necessary to multiply, divide, and find the factors of 
2 
certain expressions mentally. Thus, in 2x • x= 2x , 2x and 
2 2 x are factors of 2x and 2x is the product of 2x and x. 
Some numbers in arithmetic like 2, 3 
have no factors other than the number itself and 1. These 
5, 7, or 11 
numbers are called "prime numbers". Some algebraic numbers 
¥, X, and (X•*•!). From that are prime numbers are L 
several illustrations the class can be lead to see that all 
numbers (that are not already prime numbers) may be broken 
u p into prime factors. Thus , 2, 2, 3, are the prime factors 
of 12; 2, 2, 2, 2 are the prime factors of 16; and 2, x, x 
2 
are the prime factors of 2x . 
2y 
it is desirable to demonstrate the relationship 
which exists between multiplication, division, and factor-
The diagrams below suggest this relationship. 
Arithmetically 
Ing. 
( ) 3 / r 3 c ; /S" 
MX 
5" c ) C ) 
Multiplication Division Factoring 
W C > ( J 31/K JJ/K 
_ 
3 c ; i ; 
Algebraically 
Thus, in "multiplication" one is given the "factors" 
In "division" one is given and asked to find the "product", 
the "product" and "one" of the factors ana asked to find the 
in "factoring" one is given the "product" 
and asked to find the "factors"; that is, "factoring" is 
the reverse of multiplication. 
Geometrical and arithmetical illustrations are the 
"other" factor. 
methods most often used to rationalize the type forms studied 
in algebra, and they easily provide a oasis by which the 
student can reconstruct them. If the factors and products are 
taught as identities geometric illustrations show where the 
areas represented by the factors is the same as that represent-
For example consider figure below. Since a ea by the product. 
JU 
square whose side measures {B i~b) has for its area {ai-b) 
2 (a-tbj, the i ollowing figure illustrates (a-/b) . 
A. b 
b db bt 
b a, c? +-d b + f 
(&fb)'L zr cJ1" + 2-<tb -h b^ 
To illustrate arithmetically to the class the prin­
ciple that the quantity represented by the factors is the 
same as that represented by the product the teacher may 
find the value of each member of one of the identities 
for specific values of the literal numbers as illustrated 
below for a « 5, b^sr^, in (a-bjla f bj ~ a2-b^. 
0-3Mht3;= i2)loj = lo 
2 9 2 2 a -b - T-5~ 2t-V = lo 
Thus, it is apparent that the value of the product and the 
The class may be allowed to verify 
U-b; la / bj -
factors is the same, 
this sameness of value for the other identities. 
There is no better way of ensuring real mastery of 
special products ana factors than to give a well-organized 
special series of practice exercises on term-by term identi­
fication wherein the pupil can see the relationship of each 
term of the product with the terms of the factors and vice-
in the example below, 
2 
la^bj^U -f2ab-f-b , 
the first, second, and third terms of the product are re­
verse. 
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spectively the square of the first term, twice the pro­
duct of the first and second terms, and the square of the 
last term of the factors (or square root in this case). 
To be of much use, the type forms must be learned 
thoroughly. They must be understood, and they must also be 
memorized, this means that the students must be shown in the 
beginning and continually that the type forms either result 
from, or are verified by, actual multiplication. But it also 
means that in addition to this the students must have 
sufficient practice and drill upon these type forms to make 
the forms themselves become indelibly fixed in their minds. 
This drill, however, should not be mere mechanical re­
petition. It should be made meaningful through constant il­
lustration and application to specific examples involving 
both literal and numerical terms. 
CHAPTER 7 
VERBAL PROBLEMS 
Ability to solve problems is an essential competence 
for citizenship sought in all courses of mathematics. All 
mathematics courses acknowledge it as a primary aim. Al­
gebra provides new and more effective means for problem 
solving, and pupils are prepared to think in terms of the 
symbols of algebra. For these reasons procedures to develop 
effectiveness in problem solving should be an important 
part of the expert teacher's equipment. 
An analysis of the data on problem solving exhibits the 
following as the principal sources of student difficulty; 
1. Lack.of reasoning ability 
2. Poor procedure or complete absence of systematic 
attack 
3. Failure to comprehend the meaning of the problem 
4. Inefficient reading habits 
5. Vocabulary difficulties 
6. Short attention span or mental laziness 
7. Inability to analyze problems 
8. Carelessness in transcribing 
9. Translating to algebraic symbols 
10. Developing ability to think in terms of symbols 
11. Inability to select essential data 
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Method Used to Solve Verbal Problems 
Many attempts have been made to find a method that 
can be used for the solution of all types of verbal prob­
lems. This is to prevent the student from having to be 
taught independently1 the various types of problems us­
ually encountered in an algebra class. Among the ones dis­
covered in this study are the following: 
1. The analysis method, in which effort is made to 
have the pupil systematically analyze the pro­
blem by requiring him to go through the se­
quence of steps: (a)What is given? (b) What is 
required? (c) What operations are to be used? 
(d) Estimate the answer, (e) Solve the problem, 
(f) Check your answer. 
2. The method of analogies, in which the pupil is 
given a simple oral problem similar to the difficult 
written problem. The assumption is, of course, that 
the oral problem can be solved and that the pupil can 
be brought to see the analogy between the two. 
3. The method of dependencies, in which the pupil is 
taught to recognize fundamental dependencies that 
exist within a given problem. This procedure can be­
come a very important step in the analysis method. 
4. The graphic method, in which some diagrammatic 
scheme is used to aid the pupil in determining the 
fundamental relationships existing between the known 
and the unknown. 
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From the data gathered in this investigation it 
seems that no single method stands out as the one best 
method; each hs.s been productive of fairly good results. 
The G-uess Method of Introducing Problem Solving; 
Often the underlying concepts involved in represent­
ing "unknown quantities sought" by letters is not clear to the 
students. The following methods seems to make this process 
more apparent. This seems to be a sufficient enough 
justify its being used to introduce the solution of verbal pro­
blems by algebraic processes. This method can be best il­
lustrated by presenting a problem to be solved and describ­




John has 4 more dimes than nickels. How many nickels 
and how many dimes has he, if the total value of the coins is 
§1.90? 
The teacher, instead of starting the presentation in terms 
of the questions leading to x nickels and x 4 4 dimes, asks 
a member of the class to guess what the answer might be. The 
particular student's guess, may be, that "John has 7 nickels". 
The teacher then asks the pupil to see whether his guess is 
correct. The pupil will probably check his answer using the 
conditions of the problem and will probably announce, that 
his answer is wrong. The teacher's task now consists in mak­
ing the pupil tell exactly what he did to find out if his 
guess was right or wrong. The student will probably say, 5 
35 
times 7 is 35, and. 11 times 10 is 110, and that makes 
$1.4-5, which is wrong". The teacher has the pupil show 
exactly what he did at the black board. Then would fol­
low a series of questions and suggestions on the teacher's 
part to clarify the process for the whole class. 
Teacher: Where did you get the 5? 
A nickel is 5 cents, and 7 nickels are 35 
cents. 
Pupil: 
Teacher: Instead of writing the number 35 to show the 
value of the nickels, write 5x7 so that every­
one in the class can see exactly what numbers 
you are using. 
(After this is done the teacher continues) 
Teacher: How did you get the 11? 
There are 7 nickels and John has four more 
dimes than nickels, which makes 11 dimes. 
How did you get the number 11? Did you add, 
subtract, multiply, or divide? 
I added 4 to 7. 
Instead of writing 11, write 7 +-4 so that every­
one will see how you got the 11. Now, what did 
you do with the number 11? 
I multiplied 11 times 10 and $1.10 is what I 
got. 
Then write 10 times the quantity, 7 plus 4. In­
stead of carrying out the operations, we will 
merely indicate them so that everyone can see 
exactly how you obtained your answer. Then, 
after that, what did you do? 
I added 35 to 110. 
You mean you added 5 times 7 to 10 times the 
quantity 7 plus 4. Write it in this way so that 
the class can see exactly what happens to every 










quantity would equal what number? 
In this manner the teacher must get the pupil to 
write the following statement: 
5x7 + 10(7f 4) - 190 
The most important step in this method is the following: 
Teacher: Now pick up an eraser; erase your guess, 7, 
wherever it appears in your work; and sub­
stitute the number x for the number 7. 
After this substitution the pupil sees that his work pre­
sents the same appearance as it would have if he had work­
ed the problem in the traditional manner, and he has found 
the desired equation 
5x + 10(x + 4) - 190 
For better transfer to algebraic methods the teacher 
should insist that the pupil's analysis be written proper­
ly as follows: 
The number of nickels =- 7 
The number of dimes 
The value of the nickels*. 5x7 
The value of the dimes r 10(7+ 4) 
To summarize, the method consist of (l) guessing an 
answer, (2) indicating the arithmetic work necessary to 
check the guess, and (3) substituting X for the guess.But 
the arithmetic work must be indicated. Hence, when develop­
ing this method in class, it is well to precede the work 
by some remarks about indicating arithmetic operations in-
-7 + 4 
3/ 
stead of performing them. 
It seems as though this method makes it readily 
apparent to the pupil what he is doing when he re­
presents unknowns the way he does when he writes, for 
example, 
Let the number of nickels rf X. 
Aid to Problem Solving 
After the students have worked a variety of pro­
blems using the guess method and understand the con­
cepts involved in algebraic representation, they may be 
graduated to the level of starting the solution in terms 
it is at of algebraic symbols and without the guess, 
this stage that they need a general and systematic ap­
proach. 
An approach that seems to fit this criterion, and 
that is recommended for use by many authorities, is ex­
pressed in terms of five definite steps which should be kept 
in mind in the solution of all tvpes of verbal problems. 
in general form, these steps may be presented as follows: 
Represent the unknown Head the problem carefully, 
by a convenient letter. 
When several related unknown quantities are to be 
found, express each of them in terms of tne same 
letter. 
Find two expressions or quantities which are 






4. Solve this equation, and use the result ob­
tained to find the value of each unknown 
quantity. 
5. Check result by using the original statements 
of the problems. 
Note: When a problem involves but one unknown value, 
its solution will usually require but four 
steps. To check the solution of a problem, one 
should go back to the original problem. 
Illustrative Example: Locke bought a book and tablet, 
paying 90 cents for both. If the book cost 70 
cents more than the tablet, how much did he 
pay for each? 
(1) The unknown value in this problem is readi­
ly seen to be the cost of the tablet. Hence one 
represents Its cost, in cents, by c. 
(2) Then the cost of the book will be represent­
ed by c + 70. 
(3) The combined cost of the book and the tablet, 
namely c-fc +70, or 2c + 70 is equal to 90 cents, 
Hence one has the equation 
Solution: 
2c -f- 70 ~ 90 
(4) Solving this equation, one has 
2c + 70 - 90 
2c .st 20 
c - 10 
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That is, the cost of the tablet was 10 cents, and hence 
the cost of the book was 80 cents. 
(5) One sees that this solution is correct, for 
80 cents f 10 cents—90 cents, and 90 cents is 
70 cents more than 10 cents, as required by the 
statement of the problem. 
Techniques for Improvement of Problem Analysis 
A systematic procedure, like the above one, for at­
tacking problems is essential to effectiveness; hence, 
specific instruction on procedure must be given and 
practiced throughout the algebra course. Although no one 
plan of analysis has been demonstrated as best, eventually 
every pupil must develop his own procedure for attacking 
problems that offer difficulty after careful reading. Any 
systematic procedure is better than none, in that it af­
fords a specific goal and starts the pupil to investigating. 
Some other techniques that have been useful in over­
coming problem-solving difficulties and in helping pupils 
to develop a pattern of attack are the following: 
1. Give specific problem-reading experience. Ability 
to read mathematics requires specific practice. 
Occasionally pupils may be asked to read problems 
out loud so that the teacher can detect lack of 
understanding as it occurs. All the pupils profit 
from such.discussions. 
2. Give specific experience in identifying elements, 
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such as what is given and what is to be found. In 
reading advanced problems set, the pupils pick 
out from each problem one element such as, 
"What is to be found?" Exercises of this type, 
whether oral or written, are extremely useful. 
3.Have figures or diagrams drawn with known and un­
known parts labeled. 
Example: Find the dimensions of a rectangle if its length 
is 5 greater than its width and its area is 24. 
Step.l. What is to be found? Length and width. 
Step 2. What is given? Area is 24. Length is 5 great­
er than width. 
Step 3. Draw a figure, and label known and unknown 
parts. 
Length? 






(5 greater than width) 
Step 4. Try to locate a connection between known and 
and unknown elements by examination of:the 
diagram, and find an equality. 
Width: W 
Length :W + 5 
Area: 24 (Here student can locate an equality, 
for he is given the area; hence 
W(Wf 5) - 24. 
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Drawing the diagram obviously does not solve the problem, 
but it does help to collect known and unknown data in a 
form where equalities become evident, and it shifts the 
consideration from the relatively remote problem to a 
more immediate, concrete diagram. Specific practice in 
diagramming problem relations is often required before the 
pupil can use it to advantage. 
4. See that explicit practice is given in locating a con­
nection between the unknown and the given data. This is, of 
course, the actual heart of problem solving. Up to this 
stage efforts have been devoted to understanding the pro­
blem. There is no general procedure that will always work 
in seeking the connection between unknown and given. The 
important thing is that the pupil TRY SOMETHING. With the 
experience of trying he will gain insight into the pro-
Diem and will eliminate untenaole paths toward a solution. 
Learning to examine the diagram is one approach that 
is effective if practiced frequently. Thus, in the rectangle 
example given previously, the examination of the diagram 
(step 4) revealed the key to the situation. 
Attempting to relate the problem to previously solved 
problems or to other areas of study is a powerful device. The 
pupil should ask himself, "What have I done before that had 
anything in it like this problem?" The pupil will probably 
arrive at the length-width-area relationship. Next he should 
investigate the relation found to see if he can use it in 
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solving the complete problem. This process of locat­
ing avenues of approach, trying them out and accepting 
or rejecting, is the way to increased problem-solving 
power. With practice one learns to make better value 
judgments and to reject more quickly the unfruitful 
methods. Again, the important thing is to develop AN 
ACTIVE APPROACH TO PROBLEMS. 
5. Utilize devices and procedures that will stimulate in-
exploration, experimentation, and discovery. 
Model problems and chart arrangements are ineffective 
when they a,re intended as stereotypes to be imitated. Re­
petition of this sort is not the kind of experience need­
ed to develop power in problem solving. Problem solutions 
can be analyzed profitably to determine what sorts of pro­
blem-solving techniques were used: "What past learning 
was used?" how was it suggested?" What use was made of 
the figure?" But the crux of problem solving is that each 
problem is unique; what must be learned is effectiveness in 
exploration and discovery, and not routine manipulrtive 
imitation. 
itiative 
6. In giving individual help during supervised study, let 
the aim be to reveal the profitable type of analysis until 
the pupil is finally able to take up for himself. This type 
of help will make him feel that he is taking the initiative 
and make him realize the importance of thinking the problem 
if he is shown the solution, he through. On the other hand 
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is in much the same position he is when he is given 
a model problem; he has no opportunity to gain power in 
thinking the problem through, and none for exploration 
and discovery. 
7. Have the pupil learn to verify and generalize solutions. 
Unless stimulated, students are likely to let symbols take 
the place of reason. The solution of a problem should con­
sist not only in checking computations but in checking 
answers in the context of the problem as well. Checking can 
be done also by attempting solution of the problem in an­
other way, such as by using two unknowns instead of one, or 
by comparing the answer to an estimate, based on considera­
tion of what a reasonable answer would be. These forms of 
checking have the advantage of revealing the relationships 
among processes. 
One procedure for generalizing solutions that pupils 
may find especially interesting consists in stating solutions 
in general symbols that could be used to solve any problem 
of the same type. This is exactly the procedure that is 
followed, of course, when a formula is devised. It may be ap­
plied to equations as well, however. For example, in the 
rectangle problem given above, a generalization could be ob­
tained by replacing the width of the rectangle by ¥, the 
length of rectangle by W-C and the area by A. Thus the 
solution would read ¥(¥ + C) - A. 
CHAPTER 8 
THE FUNCTION CONCEPT 
The function concept in its elementary phases coin­
cides with the idea of interdependence of quantities. The 
function concept in elementary algebra Implies the depence 
of one variable quantity upon one or more other variable 
quantities. This idea of dependence is one which is 
fundamental in science , in business, in engineering, and 
in agriculture, all of these fields are examples of the 
function concept in action. 
1. The amount of water that flows through an open­
ing depends upon the pressure. 
2. The amount of expansion in a given piece of metal 
is dependant upon the temperature. 
3. Amount of corn one raises per acre depends upon 
amount of fertilizer used and quantity of rainfall. 
4. Wages an individual earns per month depends upon 
number of hours worked and rate of pay. 
Further, the idea of quantities being functionally re­
lated is basic in problem solving. It is these dependencies, 
because they reveal the connection between known and unknown, 
that make solutions possible. Hedrick supports this point 
when he makes the following statements: 
Every problem stated in English (in arithmetic or 
in algebra) must of necessity, contain and depend 
upon functional thinking. For in any such problem 
there must be some quantity whose value is sought 
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Generalizing the solution thus gives experience 
in the type of procedure used to develop formulas, 
forces re-examination of the problem and result, gives 
a broader insight into problem-solution methods and the 
relations involved, gives experience with literal 
equations, and provides the pupil with sense of the 
power of mathematics, in that he discovers an economical 
procedure for solving all problems of a given type. 
Difficulties Not Algebraic In Nature With Verbal Problems. 
Many difficulties that students have in solving pro­
blems of algebra are not difficulties due to algebra but 
are due to lack of understanding the arithmetic concepts 
upon which the solution of the problem depends. The suc­
cess of any method of solving certain problems in algebra 
depends to a large extent on the pupils' ability to solve 
problems that are entirely arithmetical in nature. For 
example, in the illustration below the pupil would fail if 
he could not solve the following problem: 
What is the value in cents of seven (7) nickels 
and eleven (11) dimes? 
The teacher can therefore expect to have trouble with those 
algebraic problems in which the corresponding arithmetical 
problem has not been used in previous grades. The coin and 
time-rate-distance problems will give little difficulty be­
cause the pupil is familiar with money and with traveling 
in automobiles. The age, mixture. and work problems, usually 
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found in textbooks, are the ones in which the arith­
metic situation needs discussion. 
The data indicates that aa;e problems lead to 
errors for the simple reason that the pupil over looks 
the fact that when one individual gets sixteen (16) years 
older the same thing happens to another person. After 
this fact has been sufficiently emphasized the child's 
difficulty begins to disappear. 
With mixture problems of the type below, the pupil 
needs to be told that the grocer expects the receipts from 
the sale of the mixture to equal his receipts from the 
sales of the two varieties. 
How many pounds of forty-cents coffee must 
be mixed with sixty pounds of fifty-cent 
coffee to get a mixture worth forty-eight 
cents a pound? 
The data indicates that the pupil should not be expected 
to know that the receipts are expected to be the same. 
This situation is usually remedied by changing the wording 
of the problem so it will state this pertinent fact. This 
situation can be very well explained by working a few pro­
blems of arithmetic, such as finding the average value when 
20 pounds at thirty cents are mixed with thirty-five pounds 
at forty-five cents a pound. 
Consider next a work problem of the type usually found 
in textbooks such as: 
Ben can mow a lawn in four hours and Sam 
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can do the same work in three hours. How 
many hours will it take? 
When the pupil sees a problem of this type he is 
inclined to think that the answer will be either the 
average of the two quantities of time or one half to 
this average. No student can be expected to work this 
problem until he sees that the important item is the 
fractional part of the work done in one unit of time. 
Here again the pupil's difficulty is not with algebra 
but with arithmetic. 
It seems apparent that these difficulties that are 
arithmetical can be solved in either of two ways. More 
problems of the kind listed below should be taught in 
the lower grades, or they should be taught by the algebra 
teacher prior to the introduction of the problem solving 
by algebraic processes. 
Arithmetic Problems: 
1. A girl has 4 nickels and 7 dimes. How much money 
has she? 
2. A girl is 10 years old, and her brother is 9. What 
is the ratio of their ages? What will be the ratio 
of their ages 7 years from now? What was the ratio 
3 years ago? 
3. A grocer mixes 20 pounds of coffee worth 50 cents 
a pound with 10 pounds worth 35 cents a pound. What 
is all the coffee worth? What is the average per 
pound of coffee? 
4. A garage attendant.has a solution which is 10 per 
cent alcohol. To 5 gallons of this mixture he adds 
4 gallons of water. What is the per cent of alcohol? 
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depends upon some other quantity (or quantities) 
given in the problem. The recognition of the de­
pendence of the required quantity upon those that 
are given, and the formulation of the precise 
manner in which it depends upon the given ones,is 
certainly functional thinking, and it is also 
certainly the most vital thing in the problem. 
The concept of function or dependence is so important 
that it has been called by many outstanding educators the 
"unifying element of all mathematics", and a great deal 
has been written about it. Analysis of the information 
gathered in this investigation indicates that the function 
concept, or the idea of dependence of one element in a 
situation upon one or more other elements, is not inherent­
ly difficult to develop in children. The reason why it is 
usually so inadequately developed seems to be because 
specific attention is so seldom given it. 
The authorities believe the concept of dependence is 
best illustrated by taking cases involving related quantities 
(such as the diameter and circumference of a circle) and show­
ing that, when one of these is known,the other is uniquely 
determined and that a change in either of them will produce 
a corresponding change in the other. As many situations as 
possible should be illustrated to the students where 
quantities are related and focus their attention on new re­
lations when ever they occur in the study of algebra. Practice 
in symbolic expression should be provided through the use of 
I Hedricic, E. n., 'mnriobional Thinking." School Science and 
Mathematics. -Vol. XL, April, 1940, pages 354-361 
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the formula, graphs, tables, and rules regarding the 
nature of dependency. 
Data accumulated in this investigation indicates 
that each teacher should have a mature concept of func­
tion, which has been defined in general for two 
variables in this form: 
Consider two variables, X and Y, each with its own 
range. The variable Y is said to be a function of X 
when any scheme, (rule, relation, or correspondence) 
is given whereby to each value of X there corresponds 
one or more definite values of Y. The scheme or rule 
whereby the value (values) of Y.. 
called the functional relation. 
is determined, is 
The teacher understands that the pupil is working to­
ward this more mature view, and he will help him gain ex­
perience in understanding and expressing mathematical re­
lations . 
This study revealed four ways of expressing mathematical 
relations: 
1. Rule or law of relation. For example, the area of 
a square is equal to the square of the sides, gives 
relation between the area and sides of a square. 
2. Formular or other equation. For example, 
D~rt, gives the relation between distance (d) , 
rate (r) and time (t). 
3. Graph. Any bar, circle, or line graph shows a relation 
between two quantities. For example, a cost of living 
line graph, by months shows the cost of living for 
any chosen month. 
TL. Richardson. Moses. "Fundamentals of Mathematics. New York: 
The MacMillan Company, 1947, p.52 
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4. Table. A table of square roots, for example, 
represents a functional relation between the 
number chosen and the corresponding value of 
the square root. 
As pointed out previously the function concept im­
plies relationship between variable quantities. These 
quantity and variable, which are of funda-two terms, 
mental importance must be stressed and used to the ex­
tent that the pupil thoroughly understands their mean­
ing. 
Quantity. To clarify the meaning of quantity the teacher 
may point out that such words as length, area, volume, 
value, weight, time, temperature, height, depth, and 
the like, are expressions of quantity; and may explain 
that these are terms which are associated with number. 
"How many pounds of For example, when the grocer asks 
sugar do you want?" and one answers "five", one is as­
sociating the number five with the quantity weight. A-
gain, the statement, "I walked 5 miles today", implies 
that the number 5 is associated with the quantity dis­
tance. 
Variable Quantity. To clarify the concept of variable 
quantities the teacher may point out that algebra, like 
arithmetic, is concerned with quantities; that algebra is 
unlike arithmetic in that one may use a letter in algebra 
to represent a set of numbers. Many concrete illustrations 
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illustrating this concept should be presented to the 
students. For example: let T mean the "number of de­
grees of temperature at 6 01 
one week as indicated below: 
clock A. M. each day for 
Sun, Day. Mon. Tues. Wed. Sat, Thurs. Fri. 
64 41 5^ T 
Here the letter T stands for 7 different numbers. 
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Its value varies from day to day. Thus T represents a 
variable quantity. Much attention and proper illustra-
tion should be given the new concept until the students 
understand the meaning of a variable quantity. Then at­
tention should be called to those numbers in situations 
which are so related by some fixed law that they change 
together. Some formula that the class has derived may be 
used as an initial point in this phase of the function 
concept. 
VARIATION 
Practically all the facts that are needed for the 
study of the changes of a linear function maybe brought 
out by questions. The teacher may start with the simplest 
possible formula, such as g-=4q. (g^ gallon, q = quarts) 
Find the values of g for a series of values of q as below: 
4 4 2 I 0 1 Q 
16 20 4 8 12 0 £. 
Then put questions such as: What happens to q when g is in­
creased from 2 to 3? from 3 to 4? from 4 to 5? If S is in­
creased by 1, what happens to q? Bring out that the answer 
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is the same no matter from what value the Increase of q 
is started. Then go through with the same story, only 
more briefly, when q decreases. 
Now ask the question: What happens to q when g in­
creases? Bring out and cause the pupils to put the 
thought into their own language, that g increases 4 times 
as fast as q. The teacher may say, "Suppose we think of q 
as changing or varying gradually, then what happens to g?" 
The pupils may be brought to see that g varies 4 times as 
fast as q. Note that no formal definitions of variable, 
function or variation have been given. Authorities believe 
that the main thing to develop is the concept. A series 
of formulas may be brought in for the main purpose of 
studying the formulas themselves, similar questions are 
asked for the purpose of learning the character of the 
functions that are involved. If in the formula A = bh, 
giving the area of a rectangle,,a fixed value of 6 is 
given to the base then the area is found to vary six times 
as fast as the height. Similar treatment may be given the 
formulas p —br, c = np, d=r 2r, and others brought in. 
At the end of this phase, when a considerable body 
of ideas on variation are familiar, informal definitions 
t 
may be established for the class and the variation of 
linear equations may be studied. At this stage the function 
may be presented as a single expression (not as an equation) • 
53 
A number of functions may now be given for the purpose 
of studying their variation. Expressions suxh as 3x+"l, 
5x -f- 4, and J>x — 2, may be presented and the nature of the 
variation studied by questions similar to ones used 
previously. 
Alone with the main course and closely adjusted to 
each part of it there may be supplementary work which may 
be undertaken by those students who may wish to do so. 
These students are usually the ones who have a greater 
capacity for learning. This supplementary work should be 
on the whole, more difficult than the main course and 
greater originality and ability to take "longer steps" in 
one's thinking would be required. In this work the students 
may study the type variation involved in A-bh when A is 
fixed. Then the students could grasp the concept that if 
b is doubled h is halved, if b is tripled h is divided by 
three, and so on. This can be easily seen if a table of values 
is constructed and studied for various values of the 
variables. Definitions of direct and inverse variation should 
grow out of comprehension of the concepts involved. The ob­
jective is the understanding of the variation of k , When k 
k 
is constant and x varies. Additional questions to be asked 
are of the type: What happens to k as x grows very large? 
k 
What happens to k as x grows very small (toward zero)? Ex-
x 
pected answers: " k grows very small"; " k grows very large." 
x X 
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Graphing; of Functions 
Graphs are used to picture a set of related values. 
Since a formula is a statement of relationship, one may 
exhibit this relationship in the form of a diagrammatic 
picture. By substituting various numerical values for 
one of the letters in a formula and then evaluating the 
formula for the other letter, one obtains a table of 
corresponding values. These corresponding values (or 
points) are then plotted on a coordinate system and a 
continuous line drawn through them. This line is called 
the graph of the formula. A graph of a formula shows very 
closely how the related quantities depend on each other. 
That is, 
1. From a given value of the first quantity one can 
find the corresponding value of the second 
quantities. 
2. From a given value of the second quantity one can 
find the corresponding value of the second 
quantity. 
According to the data analyzed in this study the two 
primary outcomes sought from the study of graphing are 
ability to interpret graphs and ability to sketch graphs 
for particular situation better. The former has wide 
general educational significance. There is some evidence 
that experience obtained from interpreting graphs is ef­
fective in learning to construct them. To give this ex-
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perience the questions asked of each pupil should 
direct him through a comprehensive study of each 
graph encountered in the course. 
To illustrate the type questions to be asked 
during study of relationship between two quantities ex­
pressed in terms of a graph note the following: 
P = 4S (formula for perimeter of square) 
3"O 6 0 2 5 If s 1 
12 j 16 
The required graph can be readily obtained from the 
values given in the table above. 
tf ' 
24 '4' Then P op4S- To 8 20 







Questions similar to the following should be asked the 
students: 
3 f- S 
1. Find p for s= 1, 2, 3, 4, 5, 
2. Find s for p-1, 2, 3, 4, 5, 
3. For what value of p and s is pss 
4. As s changes from 2 to 6, what is the change in p? 
5. As s changes from 4 to 1, what is the change in p? 
6. As s increases in value, what change takes place in 
p? 
7. As s decreases in value, what change takes place 
in p? 
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Study of the graph as a functional relation, by 
examining what happens to one variable as the other 
changes, provides not only understanding of ideas of 
relations between quantities but also added insight in­
to the nature of the graph as representing an unlimited 
set of number pairs (points). 
CHAPTER 9 
SUMMARY CONCLUSIONS, AND RECOMMENDATIONS 
SUMMARY 
1. The introductory period of algebra is a crucial 
period for developing basic skills and concepts 
as well as important interest and attitudes. 
Teachers should attempt to develop attitudes that 
are conducive to learning. 
2. Selection of students for the algebra course 
continues to be a major problem. 
3. Understanding algebraic concepts generally re­
quires references at regular intervals to arith­
metic . 
4. Algebra may be introduced as follows: (l) by use of 
the formula, (2) as a shorthand used to record 
verbal statements, (3) and as an extension and 
generalization of arithmetic. All three ways have 
advantages. 
5. Authorities agree that algebra is more meaningful 
if the rules and definitions are an outgrowth of 
the pupils understanding the concepts to which the 
definitions and rules apply. 
6. Geometric representation is strongly recommended 
as a means of enabling pupils to understand algebraic 
concepts. 
7. Mastery of the operations with signed numbers is 
dependent upon the students understanding of negative 
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numbers (that is, opposite in direction). This may be 
accomplished by familiarizing pupils with applications 
of signed numbers in their environment. 
8. A. Study of equations is usually introduced (l) a 
natural extension of arithmetic (2) a necessity in 
solving problems. 
B. Solution of equations taught using (l) inverse 
processes, or (2) the idea of shortages and sur­
pluses . 
C. Whether or not transposing should be taught is 
still controversial. 
Quadratic equations are best introduced by a pro­
blem which necessitates a quadratic equation for a 
D. 
solution. 
Objectives of course must be so definitely stated that 
they a,re clear not only to the teacher but also to the 
pupil. 
The content of course follows rather closely the re­




Trends in ninth grade algebra course are mostly changes 
in emphasis and pedagogy. 
a. Less time and emphasis being placed on factoring. 
G-eometrical and arithmetical illustrations are 
methods most often used to rationalize the type forms 
11. 
studied. 
b. The function concept is becoming increasingly im­
portant in the study of algebra. Authorities re-
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commend that teachers emphasize the function 
cept. 
12. There are areas of difficulty throughout the course. 
Authorities believe these difficulties can be 
diminished considerably through more meaningful 
teaching. 
13. There is no substitute for drill. It should be mean­
ingful . 
14. No single method of solving verbal problems stands 
out as the best method; each of the methods of (l) 
analysis, (2) of analogies, (3) of dependencies, 
and (4) the graphic method has been productive of 
fairly good results. 
15. A systematic procedure for attacking problems is 
essential to effectiveness. 
16. Some techniques that are useful in helping pupils 
overcome problem solving difficulties are: 
(a) G-ive specific problem-reading experience. 
(b) G-ive specific experience in identifying ele­
ments, such as what is given and what is to be 
found. 
(c) Have figures or diagrams drawn with known and 
unknown parts labeled. 
(d) Give explicit practice in locating a connection 
between the unknown and known data. 
(e) Utilize devices and procedures that will 
stimulate initiative, exploration, experi­
mentation, and discovery. 
con-
(f) In giving individual help let the aim be to 
reveal the profitable type of analysis until 
the pupil is able to take up for himself. 
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CONCLUSIONS 
1. A student s understanding of algebra is pro— 
portional to his insight into the na.ture of 
its concepts and principles and this is de­
termined to a large degree by the way it is 
taught. 
2. Understanding of the basic concepts and prin­
ciples followed by drill to make responses 
habitual is more effective than the traditional 
manner of drill based on use of rule, model 
problem, or rote memory without understanding 
basic concepts. 
3. The function concept does not receive the em­
phasis it should in Junior high school algebra. 
4. There is no best way of teaching any topic in 
junior high school algebra. The progressive 
teacher of mathematics should keep abreast of 
the various techniques in order to improve in­
struction. 
5. Continued emphasis through out the courses should 
be placed on the development of ability to grasp 
and to utilize ideas, processes, and principles in 
the solution of concrete problems rather than on 
the acquisition of mere facility or skill in 
manipulation. 
6. In teaching the principles of algebra one fre­
quently needs to return to the corresponding 
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situations in arithmetic and develop from the 
fundamental concepts involved the particular 
algebraic generalization. 
RECOMMENDATIONS 
1. That further investigation be made to determine 
who should take algebra and to determine who 
should be the judge as to which students should 
and should not take the subject. 
2. That further research be made to determine whether 
are not the benefit derived from the use of the 
various short cuts, such as transposing, special 
products, factoring, justify their being taught. 
3. That teachers use those aspects of this thesis 
which they think can be used to an advantage in 
their respective situations. 
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